We study Mt/Mt/N/N +R queue and obtain stability bounds for main characteristics of the respective queue-length process.
INTRODUCTION
Nonstationary Erlang loss queueing model has been studied in some recent papers, see [2, 3, 9] . Here we consider the simplest generalization of this model, namely we study nonstationary Markovian queue with N servers and R ≥ 0 waiting rooms and obtain the stability bounds for some characteristics of this queue. There is a number of investigations of stability for nonstationary continuous-time Markov chains, see for instance first results in [6] , and more detail studies for birth and death processes (BDPs) in [1, 7] . Here we apply our general approach and the idea of paper [5] and prove some simple stability bounds for nonstationary Mt/Mt/N/N + R queue.
Let X = X(t), t ≥ 0 be queue-length process for Mt/Mt/N/N + R queue. This is a BDP on state space EN+R = {0, 1 . . . , N +R} and birth and death rates λn(t) = λ(t), µn(t) = min (n, N ) µ(t) respectively. We suppose that arrival and service intensities λ(t) and µ(t) are locally integrable on [0, ∞). Let pi(t) = P r {X(t) = i} be state probabilities of X(t), and p(t) = (p0(t), . . . , pN+R(t)) T be the respective column vector.
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in the following form:
where A(t) = {aij(t), t ≥ 0} is the transposed intensity matrix of the process, and
overwise.
(3) We denote throughout the paper by • the l1-norm, i.e.
x = |xi|, for x = (x0, ..., xN+R) T and B = maxj i |bij| for B = (bij) N +R i,j=0 . Let Ω = {x : x ≥ 0, x = 1} be a set of all stochastic vectors.
Let E k (t) = E {X(t) |X(0) = k } be the mean of the process at the moment t under initial condition X(0) = k, and Ep(t) be the mathematical expectation (the mean) at the moment t under initial probability distribution p(0) = p.
Consider also a "perturbed" queue-length processX = X(t), t ≥ 0 with general structure of intensity matrixĀ(t). Namely,X(t) is not BDP in general. PutÂ(t) =Ā(t)−A(t). We assume that the perturbations are uniformly small, i.e. Â (t) ≤ ε for almost all t ≥ 0.
GENERAL STABILITY BOUNDS
Let X(t) be a general BDP with finite state space EN+R = {0, 1 . . . , N + R}.
Let d1, ..., dN+R be positive numbers. Put
Theorem 1. Let there exist a positive sequence {di} and a positive number θ such that αi(t) ≥ θ, i = 1, 2, . . . , N + R, t ≥ 0.
(5)
Then the following stability bounds hold:
and lim sup t→∞
for arbitrary initial probability distributions p(0) andp(0) for X(t) andX(t) respectively.
Proof. Firstly we obtain the bounds on the rate of convergence. The property N +R i=0 pi(t) = 1 for any t ≥ 0 allows to put p0(t) = 1 − i≥1 pi(t), then we obtain the following system from (2)
where
(9) Then we have
where V (t, z) is a Cauchy matrix for equation (8) .
Consider now the triangular matrix
and the respective norms
(12) and the following bound of the logarithmic norm γ (B(t)) in 1D−norm holds (see for instance [3, 4, 8, 9] ):
in accordance with (5) . Therefore the following inequality holds:
for any initial conditions z * (s), z * * (s) and any s, t, 0 ≤ s ≤ t.
Then we obtain the following bound in 'natural' norm:
for any initial conditions p * (s) , p * * (s) and any s, t, 0 ≤ s ≤ t.
Consider now the forward Kolmogorov system for perturbed process:
Here we slightly modify the approach of paper [5] . Put
where U (t, s) is Cauchy matrix of equation (2) (18) Moreover, the following estimates hold:
where c = 8G d , b = θ. Finally we have
for any initial conditions p(s) andp(s). Hence for s = 0 and t → ∞ we obtain (6) .
The second bound (7) follows from the inequality
Corollary 1. Let λ(t) and µ(t) be 1-periodic. Let (instead of (5)) there exist a positive sequence {di} and a positive number ϕ * such that Then we have the following stability bounds:
Proof. The statement follows from inequality e − t s ϕ(u) du ≤ e K e −ϕ * (t−s) .
We can use another approach to bounding the rate of convergence in 'natural' norm, namely, in the final part of (16) we have
Put s = 0, p * (0) = π(0), p * * (0) = p(0) = e0, where π(t) is 1-periodic. Then we obtain π(0) 1D ≤ lim sup t→∞ π(t) 1D and
where e − t 0 ϕ(u)du ≤ e K e −ϕ * t and λ0(t) ≤ M1 for almost all t ≥ 0. Then
Therefore in (19) and (20) we have c = 4e 2K M 1 dϕ * , b = ϕ * and choosingp(0) =π(0), we obtain the following statement.
Corollary 2. Let λ0(t) ≤ M1 for almost all t ≥ 0, and let the assumptions of Corollary 1 be fulfilled. Then the following bounds hold:
Now we consider essentially another approach. Denote
Theorem 2. Let the assumptions of Corollary 2 be fulfilled. Then the following stability bound holds:
Proof. Rewrite system (8) in the following form:
Then in any norm the following bound holds:
(34) if the initial conditions z(0) =z(0) are the same.
We have
Therefore
On the other hand 1-periodicity of z(t) and π(t) implies the inequality z(t) 1D ≤ π(t) 1D ≤ lim sup t→∞ π(t) 1D , and we can apply bound (28).
Moreover,
(37) Note that f (t) 1D = d 1 ε 2 . Hence we have
BOUNDS FOR THE QUEUE-LENGTH PRO-CESS
Let now X(t) be a queue-length process for Mt/Mt/N/N + R queue. Then we have if 1 ≤ k ≤ N , and
First case, large service rate.
Let firstly there exist l > 1 such that
for almost all t ≥ 0. Put d1 = 1,
Proposition 1. Let (39) be satisfied. Then stability estimates (6) and (7) 
Proposition 2. Let arrival and service rates λ(t) and µ(t) be 1-periodic. Let (instead of (39)) there exist ζ such that 
Proposition 3. Let arrival and service rates λ(t) and µ(t) be 1-periodic, λ(t) ≤ M1 for almost all t ∈ [0, 1]. Let there exist l > 1 such that
(43) Then the following bounds hold:
Proof. Bound (44) follows from Corollary 2 for d = 1 and ϕ * = ψ. Bound (45) follows from Theorem 2 for d = 1, ϕ * = ψ, m = l and W = 1 N −1 .
Second case, large arrival rate.
Let firstly for some l < 1 the following inequality holds:
and
Proposition 4. Let (46) be fulfilled. Then stability estimates (6) and (7) hold, where θ = ( 1 l − 1)ω, d = l N +R and G < N + R. 
Then the following stability bounds hold: 
EXAMPLES
Example 1. Let λ(t) = 9+sin 2πt, µ(t) = 1+cos 2πt, N = 100, R = 10 5 , ε = 10 −6 .
The assumptions of Proposition 3 are fulfilled for l = 2. Then M1 = 10, K = 1 + 1 π , ψ = 1 and we have the following stability bounds: Then the assumptions of Proposition 5 are satisfied for l = 1 2 . We have 
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